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PHYSICAL MODELING

The objective is to use the concepts of physics to describe some 
biological process 

Here, we will use mechanical models related to development 

One key issue, not always trivial, is that a good model should: 
- Give more than you put into 
- Predict new phenomena or understand the origin of some 

phenomena  
- Have the correct physics



APPROACHES TO PHYSICAL MODELING
There are different levels of description (level of detail)

1) Continuum description. Each element is a 
deformable body, with elastic and fluid properties. 
Very detailed 

Need: 
- The spatio-temporal distribution of active stresses 
- The rheological properties of the material (elastic, 

viscous, etc) 

2) Discrete element methods. Each element is a 
simple object. Interactions are relevant. Less detail 

Here, we will consider this approach to mesenchymal 
cells and tissues



DISCRETE ELEMENT METHOD: MESENCHYMAL

Mesenchymal cells are described as single elements that: 

- Cannot deform 

- There are friction viscous forces with the substrate  

- Move by generation of protrusions 
- This motion can be directed or random 

- There are interactions between neighbor cells 
- at short distance they repel due to excluded volume 
- at larger distances cells attract due to adhesive protrusions



EFFECTIVE FORCES

Frictions viscous forces with the substrate 

But, in some cases, the cells move on a moving layer 

F = ��V

F = �(Vlayer � V )



Then, the total sum of forces is

F = �(Vlayer � V ) + Fintra cells + Fothers = 0

V = Vlayer + (Fintra cells + Fothers)/�

Looks like Aristotle…. 

This is what we call, an over-damped dynamics or  
non-inertial dynamics 

It simply reflects that applied forces are balanced  
by the friction force

EFFECTIVE FORCES



EFFECTIVE FORCES

For non-polarized cells,  
The protrusive focus is 
erratic: in random 
directions

Gives rise to  
effective diffusion

Gives rise to  
directed motionV = Vlayer + (Fintra cells + Fothers)/�

If the cell is polarized in a direction, the 
protrusive force is in that direction



APPLICATION: CELL MIGRATION IN ZEBRAFISH

The protrusions are minority in the vegetal direction 

The migration is not due to cell polarization 

What mechanism are responsible for the migration of the LOPs?



LOPS ORIGINATE FROM EVL DELAMINATION
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LOP-LOP INTERACTION

• Large protrusions attract cells and keep to cluster together 
• Interactions avoid loosing cells, protecting the integrity of the Laterality Organ

cad1(E-cad) Mo

• Lack of cell adhesions destroys the cluster integrity



PHYSICAL MODELING

Intracell forces: adhseion-attraction 
Other forces: random force, EVL traction 

V = Vlayer + (Fintra cells + Fothers)/�

100 µm



Brownian motion
Spherical background 

LOPs: Brownian circular particles  
moving on the egg’s spherical surface
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Attachment with EVL modeles as 
an elastic spring. Number of  
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PHYSICAL MODELING
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TISSUES: VERTEX MODEL

Reig et al., page �  of �12 18

Figures 

�  

Fig. 1. Dynamics of DCL spreading and its relation to surface expansion of the extra-embryonic 
EVL in annual killifish. (A) Schematic diagram of in vivo imaging approaches. Embryos of A. 
nigripinnis expressing lifeact-GFP were imaged from the animal pole by 4D confocal microscopy 
between late blastula (48 hpf) and 60% epiboly (72 hpf), and cells of the DCL and EVL segmented and 
tracked over time. (B) Temporal changes in the mean surface area of EVL and DCL cells, with values 
expressed as means ± SEM. (C) Temporal changes in the total area covered by the EVL and DCL. (D) 
Temporal changes in the mean distance to the three nearest neighbours within the DCL, with values 
expressed as means ± SEM. (E) Probability distribution of DCL cell position as a function of the distance 
to EVL cell borders, for the period between 30-60% epiboly (54-72 hpf). The black straight line 
corresponds to the expected random distribution for a mean EVL cell surface radius of 120µm, as 
indicated in the top right corner. In all panels, red and blue colours correspond to the DCL and EVL, 
respectively. The vertical yellow line in B, C and D indicates the onset of epiboly, defined by the initial 
vegetal-ward movement of the EVL margin. All panels of this figure were obtained after analysis of 
movie S1. 
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The tissue responds elastically 

Time-dependent active 
stresses  

The active stresses change 
shapes



TISSUES: VERTEX MODEL

Instead of giving all the detail, we 
describe it as a tiling of polygons or 
polyhedra (cells) 

The polygons (polyhedra) are defined 
by the positions of their vertices

basal, and lateral surfaces that can have different properties
(19). We use this model to construct epithelial shells enclos-
ing a fluid-filled volume and surrounded by a hard mem-
brane, mimicking a scenario encountered in developing
tissues and tissue organoids. We then use numerical contin-
uation algorithms to explore how these model epithelial
shells deform in response to the prepatterns of apical
contractility. We find that, for most cases, the deformations
are smooth, i.e., they happen without bifurcations, when
viewed as a function of the amplitude that characterizes
the spatial pattern of apical contractility. We also demon-
strate that a simpler 2D model (in which epithelial shells
are constructed from polygonal cells) can describe the ef-
fects predicted by the 3D model and can be used to explore
a wide range of morphogenetic processes.

MATERIALS AND METHODS

3D vertex model

Vertex models constructed from 3D cells have been proposed to study
epithelial morphogenesis in multiple experimental systems (19–23). Based
on these previous studies, we used the following energy functional to model
an epithelial monolayer constructed from cells with distinct apical and basal
surfaces (Fig. 1, A and B):

E3D ¼ s
X

e

le þ a
X

l

Sl þ g
X

b

Sb þ B
X

c

!
Vc # V0

c

"2
:

(1)

In this expression, the first term sums over all apical edges e, the second
term sums over lateral surfaces l, the third term sums over basal surfaces b,
and the last term sums over cells c. The first term corresponds to the line
tension along the apical edges of neighboring cells; le is the edge length
and s is the apical line tension coefficient. The second and third terms
correspond to the contributions from lateral and basal tensions, which are
proportional to the lateral and basal surface areas (Sl, Sb) with coefficients
a and g, respectively. These coefficients model the resistance to deforma-
tion due to the cytoskeletal meshwork that underlies the surface. The last
term penalizes the deviation of the cell volume, Vc, from its target value,
V0
c , with compression modulus B to approximate cytoplasmic incompressi-

bility. For more details, see Section S1 in the Supporting Material.
In our 3D model, we define prepatterned apical edges to represent a con-

tractile ring R embedded in the apical surface (shown in red in Fig. 2 A1 and
Fig. 3 A1) or an apically constricting patch of cells P (shown in red in Fig. 2
B1 and Fig. 3 B1). The first pattern is motivated by the embedded compres-
sive cable observed in follicle cells duringDrosophila appendage formation
and early sea urchin embryo, which displays localization of the motor
protein myosin (8,24). The second pattern is motivated by biological set-
tings in which a group of cells is influenced by uniform actomyosin
constriction across the apical surface (2,25,26). Apical edges belonging
to the contour or the patch are assigned an apical line tension (s þ G),
which is larger than the apical line tension s of the other nonpatterned
edges. This is implemented through an additional energy term for the pre-
patterned edges

EG ¼ G
X

i ˛ R or P

li; (2)

where the index i runs over all edges belonging to the apical ring R or apical
patch P.

2D vertex model

Most of the previously published 2D vertex models were used to describe
the dynamics of epithelia constrained to two spatial dimensions (27–29).
More recently, we have used these models to explore 3D deformations
induced by prepatterning of cell properties (8,9,30)Fig. 4). We extended
these models so that they can account for the natural curvature of the sheet,
and, importantly, for the intrinsic apicobasal polarity of epithelial cells. The
energy in this model is defined in the following way:

E2D¼m
X

c

!
Ac # A0

c

"2 þ s
X

j

lj

þ b
X

j0

!!
1# Ns2ðj0Þ,Ns1ðj0Þ

"
þ kj0

!
Ns2ðj0Þ#Ns1ðj0Þ

"
, uj0

"
:

(3)

The first term sums over all cells c, the second term sums over all edges j,
and the last term sums over all interior edges j0, i.e., edges shared by two
adjacent cells s1ðj0Þ and s2ðj0Þ. The first term corresponds to sheet elasticity,
where Ac is the area of cell c, A0

c is its target area, and m is the stretching
modulus. The second term captures intercellular interactions in the form
of tensile forces along cell-cell edges, where lj is the length of the edge j
and s is the line tension coefficient. The last term represents the bending
energy term, where b is the bending elasticity coefficient and kj0 represents
the local natural curvature of the shell (kj0 is roughly the rest value of the
dihedral angle between the faces adjacent to edge j0, and it scales like the

FIGURE 1 Schematic representation of our vertex models. (A and B)
Schematic representation of the 3Dmodel. (A) Amodel 3D cell with distinct
apical, basal, and lateral surfaces. (B) Schematic highlighting different ten-
sion terms in the 3Dvertexmodel. (C) Schematic explanation of themodified
2D vertexmodel. Themodified 2Dmodel idealizes the epithelial sheet as the
midsurface (shown in black) of an epithelial monolayer with finite thickness
2h and assumes that a contractile segment (shown in gray) joins the centers of
the apical faces. (D) The figure shows two adjacent 2D cells S1 and S2 with
shared edge j, cell centers (CS1, CS2), and unit outward normals (NS1, NS2),
pointing toward the outer shell. The value uj0 is the unit vector joining the
cell centers and h is the offset parameter. See text for more details. The red
line highlights a contractile segment that is offset by a distance from the sur-
face along the cell normals. To see this figure in color, go online.

Shape Changes in Epithelial Shells

Biophysical Journal 110, 1670–1678, April 12, 2016 1671



TISSUES: VERTEX MODEL

The polygons are defined by the positions 
of their vertices 

Cells are characterized by their: 
- Area, perimeter, length of edges, 

orientation (for polygons) 
- Volume, areas, lengths, and orientation 

(for polyhedra)

basal, and lateral surfaces that can have different properties
(19). We use this model to construct epithelial shells enclos-
ing a fluid-filled volume and surrounded by a hard mem-
brane, mimicking a scenario encountered in developing
tissues and tissue organoids. We then use numerical contin-
uation algorithms to explore how these model epithelial
shells deform in response to the prepatterns of apical
contractility. We find that, for most cases, the deformations
are smooth, i.e., they happen without bifurcations, when
viewed as a function of the amplitude that characterizes
the spatial pattern of apical contractility. We also demon-
strate that a simpler 2D model (in which epithelial shells
are constructed from polygonal cells) can describe the ef-
fects predicted by the 3D model and can be used to explore
a wide range of morphogenetic processes.

MATERIALS AND METHODS

3D vertex model

Vertex models constructed from 3D cells have been proposed to study
epithelial morphogenesis in multiple experimental systems (19–23). Based
on these previous studies, we used the following energy functional to model
an epithelial monolayer constructed from cells with distinct apical and basal
surfaces (Fig. 1, A and B):

E3D ¼ s
X

e

le þ a
X

l

Sl þ g
X

b

Sb þ B
X

c

!
Vc # V0

c

"2
:

(1)

In this expression, the first term sums over all apical edges e, the second
term sums over lateral surfaces l, the third term sums over basal surfaces b,
and the last term sums over cells c. The first term corresponds to the line
tension along the apical edges of neighboring cells; le is the edge length
and s is the apical line tension coefficient. The second and third terms
correspond to the contributions from lateral and basal tensions, which are
proportional to the lateral and basal surface areas (Sl, Sb) with coefficients
a and g, respectively. These coefficients model the resistance to deforma-
tion due to the cytoskeletal meshwork that underlies the surface. The last
term penalizes the deviation of the cell volume, Vc, from its target value,
V0
c , with compression modulus B to approximate cytoplasmic incompressi-

bility. For more details, see Section S1 in the Supporting Material.
In our 3D model, we define prepatterned apical edges to represent a con-

tractile ring R embedded in the apical surface (shown in red in Fig. 2 A1 and
Fig. 3 A1) or an apically constricting patch of cells P (shown in red in Fig. 2
B1 and Fig. 3 B1). The first pattern is motivated by the embedded compres-
sive cable observed in follicle cells duringDrosophila appendage formation
and early sea urchin embryo, which displays localization of the motor
protein myosin (8,24). The second pattern is motivated by biological set-
tings in which a group of cells is influenced by uniform actomyosin
constriction across the apical surface (2,25,26). Apical edges belonging
to the contour or the patch are assigned an apical line tension (s þ G),
which is larger than the apical line tension s of the other nonpatterned
edges. This is implemented through an additional energy term for the pre-
patterned edges

EG ¼ G
X

i ˛ R or P

li; (2)

where the index i runs over all edges belonging to the apical ring R or apical
patch P.

2D vertex model

Most of the previously published 2D vertex models were used to describe
the dynamics of epithelia constrained to two spatial dimensions (27–29).
More recently, we have used these models to explore 3D deformations
induced by prepatterning of cell properties (8,9,30)Fig. 4). We extended
these models so that they can account for the natural curvature of the sheet,
and, importantly, for the intrinsic apicobasal polarity of epithelial cells. The
energy in this model is defined in the following way:

E2D¼m
X

c
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(3)

The first term sums over all cells c, the second term sums over all edges j,
and the last term sums over all interior edges j0, i.e., edges shared by two
adjacent cells s1ðj0Þ and s2ðj0Þ. The first term corresponds to sheet elasticity,
where Ac is the area of cell c, A0

c is its target area, and m is the stretching
modulus. The second term captures intercellular interactions in the form
of tensile forces along cell-cell edges, where lj is the length of the edge j
and s is the line tension coefficient. The last term represents the bending
energy term, where b is the bending elasticity coefficient and kj0 represents
the local natural curvature of the shell (kj0 is roughly the rest value of the
dihedral angle between the faces adjacent to edge j0, and it scales like the

FIGURE 1 Schematic representation of our vertex models. (A and B)
Schematic representation of the 3Dmodel. (A) Amodel 3D cell with distinct
apical, basal, and lateral surfaces. (B) Schematic highlighting different ten-
sion terms in the 3Dvertexmodel. (C) Schematic explanation of themodified
2D vertexmodel. Themodified 2Dmodel idealizes the epithelial sheet as the
midsurface (shown in black) of an epithelial monolayer with finite thickness
2h and assumes that a contractile segment (shown in gray) joins the centers of
the apical faces. (D) The figure shows two adjacent 2D cells S1 and S2 with
shared edge j, cell centers (CS1, CS2), and unit outward normals (NS1, NS2),
pointing toward the outer shell. The value uj0 is the unit vector joining the
cell centers and h is the offset parameter. See text for more details. The red
line highlights a contractile segment that is offset by a distance from the sur-
face along the cell normals. To see this figure in color, go online.

Shape Changes in Epithelial Shells

Biophysical Journal 110, 1670–1678, April 12, 2016 1671
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TISSUES: VERTEX MODEL

We define an “objective function” E, which measures 
the deviation of the cell to their preferred state 

For polyhedra: 

Cells deform (move the vertices) as to minimize E

basal, and lateral surfaces that can have different properties
(19). We use this model to construct epithelial shells enclos-
ing a fluid-filled volume and surrounded by a hard mem-
brane, mimicking a scenario encountered in developing
tissues and tissue organoids. We then use numerical contin-
uation algorithms to explore how these model epithelial
shells deform in response to the prepatterns of apical
contractility. We find that, for most cases, the deformations
are smooth, i.e., they happen without bifurcations, when
viewed as a function of the amplitude that characterizes
the spatial pattern of apical contractility. We also demon-
strate that a simpler 2D model (in which epithelial shells
are constructed from polygonal cells) can describe the ef-
fects predicted by the 3D model and can be used to explore
a wide range of morphogenetic processes.

MATERIALS AND METHODS

3D vertex model

Vertex models constructed from 3D cells have been proposed to study
epithelial morphogenesis in multiple experimental systems (19–23). Based
on these previous studies, we used the following energy functional to model
an epithelial monolayer constructed from cells with distinct apical and basal
surfaces (Fig. 1, A and B):

E3D ¼ s
X

e

le þ a
X

l

Sl þ g
X

b

Sb þ B
X

c

!
Vc # V0

c

"2
:

(1)

In this expression, the first term sums over all apical edges e, the second
term sums over lateral surfaces l, the third term sums over basal surfaces b,
and the last term sums over cells c. The first term corresponds to the line
tension along the apical edges of neighboring cells; le is the edge length
and s is the apical line tension coefficient. The second and third terms
correspond to the contributions from lateral and basal tensions, which are
proportional to the lateral and basal surface areas (Sl, Sb) with coefficients
a and g, respectively. These coefficients model the resistance to deforma-
tion due to the cytoskeletal meshwork that underlies the surface. The last
term penalizes the deviation of the cell volume, Vc, from its target value,
V0
c , with compression modulus B to approximate cytoplasmic incompressi-

bility. For more details, see Section S1 in the Supporting Material.
In our 3D model, we define prepatterned apical edges to represent a con-

tractile ring R embedded in the apical surface (shown in red in Fig. 2 A1 and
Fig. 3 A1) or an apically constricting patch of cells P (shown in red in Fig. 2
B1 and Fig. 3 B1). The first pattern is motivated by the embedded compres-
sive cable observed in follicle cells duringDrosophila appendage formation
and early sea urchin embryo, which displays localization of the motor
protein myosin (8,24). The second pattern is motivated by biological set-
tings in which a group of cells is influenced by uniform actomyosin
constriction across the apical surface (2,25,26). Apical edges belonging
to the contour or the patch are assigned an apical line tension (s þ G),
which is larger than the apical line tension s of the other nonpatterned
edges. This is implemented through an additional energy term for the pre-
patterned edges

EG ¼ G
X

i ˛ R or P

li; (2)

where the index i runs over all edges belonging to the apical ring R or apical
patch P.

2D vertex model

Most of the previously published 2D vertex models were used to describe
the dynamics of epithelia constrained to two spatial dimensions (27–29).
More recently, we have used these models to explore 3D deformations
induced by prepatterning of cell properties (8,9,30)Fig. 4). We extended
these models so that they can account for the natural curvature of the sheet,
and, importantly, for the intrinsic apicobasal polarity of epithelial cells. The
energy in this model is defined in the following way:

E2D¼m
X
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(3)

The first term sums over all cells c, the second term sums over all edges j,
and the last term sums over all interior edges j0, i.e., edges shared by two
adjacent cells s1ðj0Þ and s2ðj0Þ. The first term corresponds to sheet elasticity,
where Ac is the area of cell c, A0

c is its target area, and m is the stretching
modulus. The second term captures intercellular interactions in the form
of tensile forces along cell-cell edges, where lj is the length of the edge j
and s is the line tension coefficient. The last term represents the bending
energy term, where b is the bending elasticity coefficient and kj0 represents
the local natural curvature of the shell (kj0 is roughly the rest value of the
dihedral angle between the faces adjacent to edge j0, and it scales like the

FIGURE 1 Schematic representation of our vertex models. (A and B)
Schematic representation of the 3Dmodel. (A) Amodel 3D cell with distinct
apical, basal, and lateral surfaces. (B) Schematic highlighting different ten-
sion terms in the 3Dvertexmodel. (C) Schematic explanation of themodified
2D vertexmodel. Themodified 2Dmodel idealizes the epithelial sheet as the
midsurface (shown in black) of an epithelial monolayer with finite thickness
2h and assumes that a contractile segment (shown in gray) joins the centers of
the apical faces. (D) The figure shows two adjacent 2D cells S1 and S2 with
shared edge j, cell centers (CS1, CS2), and unit outward normals (NS1, NS2),
pointing toward the outer shell. The value uj0 is the unit vector joining the
cell centers and h is the offset parameter. See text for more details. The red
line highlights a contractile segment that is offset by a distance from the sur-
face along the cell normals. To see this figure in color, go online.
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basal, and lateral surfaces that can have different properties
(19). We use this model to construct epithelial shells enclos-
ing a fluid-filled volume and surrounded by a hard mem-
brane, mimicking a scenario encountered in developing
tissues and tissue organoids. We then use numerical contin-
uation algorithms to explore how these model epithelial
shells deform in response to the prepatterns of apical
contractility. We find that, for most cases, the deformations
are smooth, i.e., they happen without bifurcations, when
viewed as a function of the amplitude that characterizes
the spatial pattern of apical contractility. We also demon-
strate that a simpler 2D model (in which epithelial shells
are constructed from polygonal cells) can describe the ef-
fects predicted by the 3D model and can be used to explore
a wide range of morphogenetic processes.

MATERIALS AND METHODS

3D vertex model

Vertex models constructed from 3D cells have been proposed to study
epithelial morphogenesis in multiple experimental systems (19–23). Based
on these previous studies, we used the following energy functional to model
an epithelial monolayer constructed from cells with distinct apical and basal
surfaces (Fig. 1, A and B):

E3D ¼ s
X

e

le þ a
X

l

Sl þ g
X

b

Sb þ B
X

c

!
Vc # V0

c

"2
:

(1)

In this expression, the first term sums over all apical edges e, the second
term sums over lateral surfaces l, the third term sums over basal surfaces b,
and the last term sums over cells c. The first term corresponds to the line
tension along the apical edges of neighboring cells; le is the edge length
and s is the apical line tension coefficient. The second and third terms
correspond to the contributions from lateral and basal tensions, which are
proportional to the lateral and basal surface areas (Sl, Sb) with coefficients
a and g, respectively. These coefficients model the resistance to deforma-
tion due to the cytoskeletal meshwork that underlies the surface. The last
term penalizes the deviation of the cell volume, Vc, from its target value,
V0
c , with compression modulus B to approximate cytoplasmic incompressi-

bility. For more details, see Section S1 in the Supporting Material.
In our 3D model, we define prepatterned apical edges to represent a con-

tractile ring R embedded in the apical surface (shown in red in Fig. 2 A1 and
Fig. 3 A1) or an apically constricting patch of cells P (shown in red in Fig. 2
B1 and Fig. 3 B1). The first pattern is motivated by the embedded compres-
sive cable observed in follicle cells duringDrosophila appendage formation
and early sea urchin embryo, which displays localization of the motor
protein myosin (8,24). The second pattern is motivated by biological set-
tings in which a group of cells is influenced by uniform actomyosin
constriction across the apical surface (2,25,26). Apical edges belonging
to the contour or the patch are assigned an apical line tension (s þ G),
which is larger than the apical line tension s of the other nonpatterned
edges. This is implemented through an additional energy term for the pre-
patterned edges

EG ¼ G
X

i ˛ R or P

li; (2)

where the index i runs over all edges belonging to the apical ring R or apical
patch P.

2D vertex model

Most of the previously published 2D vertex models were used to describe
the dynamics of epithelia constrained to two spatial dimensions (27–29).
More recently, we have used these models to explore 3D deformations
induced by prepatterning of cell properties (8,9,30)Fig. 4). We extended
these models so that they can account for the natural curvature of the sheet,
and, importantly, for the intrinsic apicobasal polarity of epithelial cells. The
energy in this model is defined in the following way:
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(3)

The first term sums over all cells c, the second term sums over all edges j,
and the last term sums over all interior edges j0, i.e., edges shared by two
adjacent cells s1ðj0Þ and s2ðj0Þ. The first term corresponds to sheet elasticity,
where Ac is the area of cell c, A0

c is its target area, and m is the stretching
modulus. The second term captures intercellular interactions in the form
of tensile forces along cell-cell edges, where lj is the length of the edge j
and s is the line tension coefficient. The last term represents the bending
energy term, where b is the bending elasticity coefficient and kj0 represents
the local natural curvature of the shell (kj0 is roughly the rest value of the
dihedral angle between the faces adjacent to edge j0, and it scales like the

FIGURE 1 Schematic representation of our vertex models. (A and B)
Schematic representation of the 3Dmodel. (A) Amodel 3D cell with distinct
apical, basal, and lateral surfaces. (B) Schematic highlighting different ten-
sion terms in the 3Dvertexmodel. (C) Schematic explanation of themodified
2D vertexmodel. Themodified 2Dmodel idealizes the epithelial sheet as the
midsurface (shown in black) of an epithelial monolayer with finite thickness
2h and assumes that a contractile segment (shown in gray) joins the centers of
the apical faces. (D) The figure shows two adjacent 2D cells S1 and S2 with
shared edge j, cell centers (CS1, CS2), and unit outward normals (NS1, NS2),
pointing toward the outer shell. The value uj0 is the unit vector joining the
cell centers and h is the offset parameter. See text for more details. The red
line highlights a contractile segment that is offset by a distance from the sur-
face along the cell normals. To see this figure in color, go online.
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ACTIVITY

Cells deform (more the vertices) as to minimize E 

For example, increasing the apical line tension

basal, and lateral surfaces that can have different properties
(19). We use this model to construct epithelial shells enclos-
ing a fluid-filled volume and surrounded by a hard mem-
brane, mimicking a scenario encountered in developing
tissues and tissue organoids. We then use numerical contin-
uation algorithms to explore how these model epithelial
shells deform in response to the prepatterns of apical
contractility. We find that, for most cases, the deformations
are smooth, i.e., they happen without bifurcations, when
viewed as a function of the amplitude that characterizes
the spatial pattern of apical contractility. We also demon-
strate that a simpler 2D model (in which epithelial shells
are constructed from polygonal cells) can describe the ef-
fects predicted by the 3D model and can be used to explore
a wide range of morphogenetic processes.

MATERIALS AND METHODS

3D vertex model

Vertex models constructed from 3D cells have been proposed to study
epithelial morphogenesis in multiple experimental systems (19–23). Based
on these previous studies, we used the following energy functional to model
an epithelial monolayer constructed from cells with distinct apical and basal
surfaces (Fig. 1, A and B):

E3D ¼ s
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In this expression, the first term sums over all apical edges e, the second
term sums over lateral surfaces l, the third term sums over basal surfaces b,
and the last term sums over cells c. The first term corresponds to the line
tension along the apical edges of neighboring cells; le is the edge length
and s is the apical line tension coefficient. The second and third terms
correspond to the contributions from lateral and basal tensions, which are
proportional to the lateral and basal surface areas (Sl, Sb) with coefficients
a and g, respectively. These coefficients model the resistance to deforma-
tion due to the cytoskeletal meshwork that underlies the surface. The last
term penalizes the deviation of the cell volume, Vc, from its target value,
V0
c , with compression modulus B to approximate cytoplasmic incompressi-

bility. For more details, see Section S1 in the Supporting Material.
In our 3D model, we define prepatterned apical edges to represent a con-

tractile ring R embedded in the apical surface (shown in red in Fig. 2 A1 and
Fig. 3 A1) or an apically constricting patch of cells P (shown in red in Fig. 2
B1 and Fig. 3 B1). The first pattern is motivated by the embedded compres-
sive cable observed in follicle cells duringDrosophila appendage formation
and early sea urchin embryo, which displays localization of the motor
protein myosin (8,24). The second pattern is motivated by biological set-
tings in which a group of cells is influenced by uniform actomyosin
constriction across the apical surface (2,25,26). Apical edges belonging
to the contour or the patch are assigned an apical line tension (s þ G),
which is larger than the apical line tension s of the other nonpatterned
edges. This is implemented through an additional energy term for the pre-
patterned edges

EG ¼ G
X

i ˛ R or P

li; (2)

where the index i runs over all edges belonging to the apical ring R or apical
patch P.

2D vertex model

Most of the previously published 2D vertex models were used to describe
the dynamics of epithelia constrained to two spatial dimensions (27–29).
More recently, we have used these models to explore 3D deformations
induced by prepatterning of cell properties (8,9,30)Fig. 4). We extended
these models so that they can account for the natural curvature of the sheet,
and, importantly, for the intrinsic apicobasal polarity of epithelial cells. The
energy in this model is defined in the following way:
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The first term sums over all cells c, the second term sums over all edges j,
and the last term sums over all interior edges j0, i.e., edges shared by two
adjacent cells s1ðj0Þ and s2ðj0Þ. The first term corresponds to sheet elasticity,
where Ac is the area of cell c, A0

c is its target area, and m is the stretching
modulus. The second term captures intercellular interactions in the form
of tensile forces along cell-cell edges, where lj is the length of the edge j
and s is the line tension coefficient. The last term represents the bending
energy term, where b is the bending elasticity coefficient and kj0 represents
the local natural curvature of the shell (kj0 is roughly the rest value of the
dihedral angle between the faces adjacent to edge j0, and it scales like the

FIGURE 1 Schematic representation of our vertex models. (A and B)
Schematic representation of the 3Dmodel. (A) Amodel 3D cell with distinct
apical, basal, and lateral surfaces. (B) Schematic highlighting different ten-
sion terms in the 3Dvertexmodel. (C) Schematic explanation of themodified
2D vertexmodel. Themodified 2Dmodel idealizes the epithelial sheet as the
midsurface (shown in black) of an epithelial monolayer with finite thickness
2h and assumes that a contractile segment (shown in gray) joins the centers of
the apical faces. (D) The figure shows two adjacent 2D cells S1 and S2 with
shared edge j, cell centers (CS1, CS2), and unit outward normals (NS1, NS2),
pointing toward the outer shell. The value uj0 is the unit vector joining the
cell centers and h is the offset parameter. See text for more details. The red
line highlights a contractile segment that is offset by a distance from the sur-
face along the cell normals. To see this figure in color, go online.
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basal, and lateral surfaces that can have different properties
(19). We use this model to construct epithelial shells enclos-
ing a fluid-filled volume and surrounded by a hard mem-
brane, mimicking a scenario encountered in developing
tissues and tissue organoids. We then use numerical contin-
uation algorithms to explore how these model epithelial
shells deform in response to the prepatterns of apical
contractility. We find that, for most cases, the deformations
are smooth, i.e., they happen without bifurcations, when
viewed as a function of the amplitude that characterizes
the spatial pattern of apical contractility. We also demon-
strate that a simpler 2D model (in which epithelial shells
are constructed from polygonal cells) can describe the ef-
fects predicted by the 3D model and can be used to explore
a wide range of morphogenetic processes.

MATERIALS AND METHODS

3D vertex model

Vertex models constructed from 3D cells have been proposed to study
epithelial morphogenesis in multiple experimental systems (19–23). Based
on these previous studies, we used the following energy functional to model
an epithelial monolayer constructed from cells with distinct apical and basal
surfaces (Fig. 1, A and B):
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In this expression, the first term sums over all apical edges e, the second
term sums over lateral surfaces l, the third term sums over basal surfaces b,
and the last term sums over cells c. The first term corresponds to the line
tension along the apical edges of neighboring cells; le is the edge length
and s is the apical line tension coefficient. The second and third terms
correspond to the contributions from lateral and basal tensions, which are
proportional to the lateral and basal surface areas (Sl, Sb) with coefficients
a and g, respectively. These coefficients model the resistance to deforma-
tion due to the cytoskeletal meshwork that underlies the surface. The last
term penalizes the deviation of the cell volume, Vc, from its target value,
V0
c , with compression modulus B to approximate cytoplasmic incompressi-

bility. For more details, see Section S1 in the Supporting Material.
In our 3D model, we define prepatterned apical edges to represent a con-

tractile ring R embedded in the apical surface (shown in red in Fig. 2 A1 and
Fig. 3 A1) or an apically constricting patch of cells P (shown in red in Fig. 2
B1 and Fig. 3 B1). The first pattern is motivated by the embedded compres-
sive cable observed in follicle cells duringDrosophila appendage formation
and early sea urchin embryo, which displays localization of the motor
protein myosin (8,24). The second pattern is motivated by biological set-
tings in which a group of cells is influenced by uniform actomyosin
constriction across the apical surface (2,25,26). Apical edges belonging
to the contour or the patch are assigned an apical line tension (s þ G),
which is larger than the apical line tension s of the other nonpatterned
edges. This is implemented through an additional energy term for the pre-
patterned edges

EG ¼ G
X

i ˛ R or P

li; (2)

where the index i runs over all edges belonging to the apical ring R or apical
patch P.

2D vertex model

Most of the previously published 2D vertex models were used to describe
the dynamics of epithelia constrained to two spatial dimensions (27–29).
More recently, we have used these models to explore 3D deformations
induced by prepatterning of cell properties (8,9,30)Fig. 4). We extended
these models so that they can account for the natural curvature of the sheet,
and, importantly, for the intrinsic apicobasal polarity of epithelial cells. The
energy in this model is defined in the following way:
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The first term sums over all cells c, the second term sums over all edges j,
and the last term sums over all interior edges j0, i.e., edges shared by two
adjacent cells s1ðj0Þ and s2ðj0Þ. The first term corresponds to sheet elasticity,
where Ac is the area of cell c, A0

c is its target area, and m is the stretching
modulus. The second term captures intercellular interactions in the form
of tensile forces along cell-cell edges, where lj is the length of the edge j
and s is the line tension coefficient. The last term represents the bending
energy term, where b is the bending elasticity coefficient and kj0 represents
the local natural curvature of the shell (kj0 is roughly the rest value of the
dihedral angle between the faces adjacent to edge j0, and it scales like the

FIGURE 1 Schematic representation of our vertex models. (A and B)
Schematic representation of the 3Dmodel. (A) Amodel 3D cell with distinct
apical, basal, and lateral surfaces. (B) Schematic highlighting different ten-
sion terms in the 3Dvertexmodel. (C) Schematic explanation of themodified
2D vertexmodel. Themodified 2Dmodel idealizes the epithelial sheet as the
midsurface (shown in black) of an epithelial monolayer with finite thickness
2h and assumes that a contractile segment (shown in gray) joins the centers of
the apical faces. (D) The figure shows two adjacent 2D cells S1 and S2 with
shared edge j, cell centers (CS1, CS2), and unit outward normals (NS1, NS2),
pointing toward the outer shell. The value uj0 is the unit vector joining the
cell centers and h is the offset parameter. See text for more details. The red
line highlights a contractile segment that is offset by a distance from the sur-
face along the cell normals. To see this figure in color, go online.
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volume, and BY is a compression modulus. The second term corresponds to
the outer membrane stiffness (16,18) that runs over all vertices on the outer
surface of the shell and restricts the radial motion of vertices within a sphere
of radius RC. This sphere is concentric with the homogeneous spherical
configuration from which the system is initialized. The center of the initial
spherical configuration acts as a reference center to calculate the radial dis-
tance of the vertices. The term Rk denotes the radial distance of the vertex k,
and hence Rk ! RC represents the membrane thickness near that vertex. The
value ε is a membrane stiffness parameter, and n is the exponent of the
repulsive potential term that models the effects of the outer stiff membrane.

Numerical methods

To find an equilibrium shape for a typical configuration in the 3D vertex
model, we solved the system of nonlinear algebraic equations that corre-
spond tovanishing of thegradient of the energywith respect to nodepositions
by Newton-Raphson iteration. The number of equations was halved for the
corresponding configurations in the 2D vertex model. Initial guesses were

obtained by direct forward Euler integration following overdamped gradient
dynamics. In some cases, rotational and translational symmetries had to be
factored out through appropriate pinning conditions, as described in Section
S3. Pseudo-arc-length continuation (31,32) was used to follow solution
branches in parameter space and to go around turning points. The eigen-
values of the Jacobian upon convergence quantify the stability of the
computed equilibrium shapes. Branches were terminated when equilibrium
solutions featured vertices too close to each other (edge length< 0.01). The
merging of vertices and the rearrangement of cell neighborswere not consid-
ered here. We used the Armadillo, a Cþþ linear algebra library, to solve the
linear systems of equations and calculate leading eigenvalues (33).

Homogeneous configurations and model
parameters

In all cases considered below, we start with a system with spatially uniform
cell properties at a mechanical equilibrium. This equilibrium configuration

FIGURE 3 3D deformations induced by prepat-
terns of line tension in a model with 3D cells for
the apical-out case; see text for details. (A1–C1)
Initial configurations, showing the outer surface
(i.e., apical side) of the shell, with different hetero-
geneities: (A1) Contractile ring. (B1) Patch of
apically constricting cells. (C1) A ring of apically
constricting cells, two cells wide. (A2–C2) Repre-
sentative invaginated states, showing the outer sur-
face, where the enclosed patch bends inward
(negative deflection, d < 0 as defined in Fig. S3).
(A3–C3) Cross-section representation of equilib-
rium shapes (A2–C2), respectively. (A4–C4)
Steady-state diagrams showing deflection d with
increasing parameter G. (Solid lines) Stable states;
(dashed lines) unstable steady states. Cross sec-
tions of representative steady states (A1–C1 and
A2–C2) are shown as insets. Parameter values are
listed in Table S2. To see this figure in color, go
online.
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ACTIVITY

Also, we can model them as polygons.  The objective 
function is 

Modulating the line tension 

basal, and lateral surfaces that can have different properties
(19). We use this model to construct epithelial shells enclos-
ing a fluid-filled volume and surrounded by a hard mem-
brane, mimicking a scenario encountered in developing
tissues and tissue organoids. We then use numerical contin-
uation algorithms to explore how these model epithelial
shells deform in response to the prepatterns of apical
contractility. We find that, for most cases, the deformations
are smooth, i.e., they happen without bifurcations, when
viewed as a function of the amplitude that characterizes
the spatial pattern of apical contractility. We also demon-
strate that a simpler 2D model (in which epithelial shells
are constructed from polygonal cells) can describe the ef-
fects predicted by the 3D model and can be used to explore
a wide range of morphogenetic processes.

MATERIALS AND METHODS

3D vertex model

Vertex models constructed from 3D cells have been proposed to study
epithelial morphogenesis in multiple experimental systems (19–23). Based
on these previous studies, we used the following energy functional to model
an epithelial monolayer constructed from cells with distinct apical and basal
surfaces (Fig. 1, A and B):
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In this expression, the first term sums over all apical edges e, the second
term sums over lateral surfaces l, the third term sums over basal surfaces b,
and the last term sums over cells c. The first term corresponds to the line
tension along the apical edges of neighboring cells; le is the edge length
and s is the apical line tension coefficient. The second and third terms
correspond to the contributions from lateral and basal tensions, which are
proportional to the lateral and basal surface areas (Sl, Sb) with coefficients
a and g, respectively. These coefficients model the resistance to deforma-
tion due to the cytoskeletal meshwork that underlies the surface. The last
term penalizes the deviation of the cell volume, Vc, from its target value,
V0
c , with compression modulus B to approximate cytoplasmic incompressi-

bility. For more details, see Section S1 in the Supporting Material.
In our 3D model, we define prepatterned apical edges to represent a con-

tractile ring R embedded in the apical surface (shown in red in Fig. 2 A1 and
Fig. 3 A1) or an apically constricting patch of cells P (shown in red in Fig. 2
B1 and Fig. 3 B1). The first pattern is motivated by the embedded compres-
sive cable observed in follicle cells duringDrosophila appendage formation
and early sea urchin embryo, which displays localization of the motor
protein myosin (8,24). The second pattern is motivated by biological set-
tings in which a group of cells is influenced by uniform actomyosin
constriction across the apical surface (2,25,26). Apical edges belonging
to the contour or the patch are assigned an apical line tension (s þ G),
which is larger than the apical line tension s of the other nonpatterned
edges. This is implemented through an additional energy term for the pre-
patterned edges

EG ¼ G
X

i ˛ R or P

li; (2)

where the index i runs over all edges belonging to the apical ring R or apical
patch P.

2D vertex model

Most of the previously published 2D vertex models were used to describe
the dynamics of epithelia constrained to two spatial dimensions (27–29).
More recently, we have used these models to explore 3D deformations
induced by prepatterning of cell properties (8,9,30)Fig. 4). We extended
these models so that they can account for the natural curvature of the sheet,
and, importantly, for the intrinsic apicobasal polarity of epithelial cells. The
energy in this model is defined in the following way:
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The first term sums over all cells c, the second term sums over all edges j,
and the last term sums over all interior edges j0, i.e., edges shared by two
adjacent cells s1ðj0Þ and s2ðj0Þ. The first term corresponds to sheet elasticity,
where Ac is the area of cell c, A0

c is its target area, and m is the stretching
modulus. The second term captures intercellular interactions in the form
of tensile forces along cell-cell edges, where lj is the length of the edge j
and s is the line tension coefficient. The last term represents the bending
energy term, where b is the bending elasticity coefficient and kj0 represents
the local natural curvature of the shell (kj0 is roughly the rest value of the
dihedral angle between the faces adjacent to edge j0, and it scales like the

FIGURE 1 Schematic representation of our vertex models. (A and B)
Schematic representation of the 3Dmodel. (A) Amodel 3D cell with distinct
apical, basal, and lateral surfaces. (B) Schematic highlighting different ten-
sion terms in the 3Dvertexmodel. (C) Schematic explanation of themodified
2D vertexmodel. Themodified 2Dmodel idealizes the epithelial sheet as the
midsurface (shown in black) of an epithelial monolayer with finite thickness
2h and assumes that a contractile segment (shown in gray) joins the centers of
the apical faces. (D) The figure shows two adjacent 2D cells S1 and S2 with
shared edge j, cell centers (CS1, CS2), and unit outward normals (NS1, NS2),
pointing toward the outer shell. The value uj0 is the unit vector joining the
cell centers and h is the offset parameter. See text for more details. The red
line highlights a contractile segment that is offset by a distance from the sur-
face along the cell normals. To see this figure in color, go online.
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basal, and lateral surfaces that can have different properties
(19). We use this model to construct epithelial shells enclos-
ing a fluid-filled volume and surrounded by a hard mem-
brane, mimicking a scenario encountered in developing
tissues and tissue organoids. We then use numerical contin-
uation algorithms to explore how these model epithelial
shells deform in response to the prepatterns of apical
contractility. We find that, for most cases, the deformations
are smooth, i.e., they happen without bifurcations, when
viewed as a function of the amplitude that characterizes
the spatial pattern of apical contractility. We also demon-
strate that a simpler 2D model (in which epithelial shells
are constructed from polygonal cells) can describe the ef-
fects predicted by the 3D model and can be used to explore
a wide range of morphogenetic processes.

MATERIALS AND METHODS

3D vertex model

Vertex models constructed from 3D cells have been proposed to study
epithelial morphogenesis in multiple experimental systems (19–23). Based
on these previous studies, we used the following energy functional to model
an epithelial monolayer constructed from cells with distinct apical and basal
surfaces (Fig. 1, A and B):
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In this expression, the first term sums over all apical edges e, the second
term sums over lateral surfaces l, the third term sums over basal surfaces b,
and the last term sums over cells c. The first term corresponds to the line
tension along the apical edges of neighboring cells; le is the edge length
and s is the apical line tension coefficient. The second and third terms
correspond to the contributions from lateral and basal tensions, which are
proportional to the lateral and basal surface areas (Sl, Sb) with coefficients
a and g, respectively. These coefficients model the resistance to deforma-
tion due to the cytoskeletal meshwork that underlies the surface. The last
term penalizes the deviation of the cell volume, Vc, from its target value,
V0
c , with compression modulus B to approximate cytoplasmic incompressi-

bility. For more details, see Section S1 in the Supporting Material.
In our 3D model, we define prepatterned apical edges to represent a con-

tractile ring R embedded in the apical surface (shown in red in Fig. 2 A1 and
Fig. 3 A1) or an apically constricting patch of cells P (shown in red in Fig. 2
B1 and Fig. 3 B1). The first pattern is motivated by the embedded compres-
sive cable observed in follicle cells duringDrosophila appendage formation
and early sea urchin embryo, which displays localization of the motor
protein myosin (8,24). The second pattern is motivated by biological set-
tings in which a group of cells is influenced by uniform actomyosin
constriction across the apical surface (2,25,26). Apical edges belonging
to the contour or the patch are assigned an apical line tension (s þ G),
which is larger than the apical line tension s of the other nonpatterned
edges. This is implemented through an additional energy term for the pre-
patterned edges

EG ¼ G
X

i ˛ R or P

li; (2)

where the index i runs over all edges belonging to the apical ring R or apical
patch P.

2D vertex model

Most of the previously published 2D vertex models were used to describe
the dynamics of epithelia constrained to two spatial dimensions (27–29).
More recently, we have used these models to explore 3D deformations
induced by prepatterning of cell properties (8,9,30)Fig. 4). We extended
these models so that they can account for the natural curvature of the sheet,
and, importantly, for the intrinsic apicobasal polarity of epithelial cells. The
energy in this model is defined in the following way:
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The first term sums over all cells c, the second term sums over all edges j,
and the last term sums over all interior edges j0, i.e., edges shared by two
adjacent cells s1ðj0Þ and s2ðj0Þ. The first term corresponds to sheet elasticity,
where Ac is the area of cell c, A0

c is its target area, and m is the stretching
modulus. The second term captures intercellular interactions in the form
of tensile forces along cell-cell edges, where lj is the length of the edge j
and s is the line tension coefficient. The last term represents the bending
energy term, where b is the bending elasticity coefficient and kj0 represents
the local natural curvature of the shell (kj0 is roughly the rest value of the
dihedral angle between the faces adjacent to edge j0, and it scales like the

FIGURE 1 Schematic representation of our vertex models. (A and B)
Schematic representation of the 3Dmodel. (A) Amodel 3D cell with distinct
apical, basal, and lateral surfaces. (B) Schematic highlighting different ten-
sion terms in the 3Dvertexmodel. (C) Schematic explanation of themodified
2D vertexmodel. Themodified 2Dmodel idealizes the epithelial sheet as the
midsurface (shown in black) of an epithelial monolayer with finite thickness
2h and assumes that a contractile segment (shown in gray) joins the centers of
the apical faces. (D) The figure shows two adjacent 2D cells S1 and S2 with
shared edge j, cell centers (CS1, CS2), and unit outward normals (NS1, NS2),
pointing toward the outer shell. The value uj0 is the unit vector joining the
cell centers and h is the offset parameter. See text for more details. The red
line highlights a contractile segment that is offset by a distance from the sur-
face along the cell normals. To see this figure in color, go online.
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intercalation, we implemented cell neighbor exchange in the
form of T1 transitions (Figure 6B), as has been done by other
authors (Farhadifar et al., 2007; Honda, 1983; Landsberg et al.,

2009; Nagai and Honda, 2001; Nagai et al., 1988). We examined
not only the final equilibrium state, but also the time-evolution of
the system.

Figure 5. Computational Modeling for Out-of-Plane Bending of the Appendage Primordium
(A) Vertex model of a dorsal appendage primordium, showing different cell types, distinguished by different values of parameters in the energy function.

Parameter value assignments are indicated by color.

(B) 2D equilibrium state predicted for the patterned arrangement of cell properties in (A). Gray indicates main-body cells, orange indicates midline cells, red

indicates floor cells, and blue indicates roof cells. Equilibrium state results from a simulation where vertices are confined to two dimensions; tension multiplicative

factors are Tfm = 2, Tfr = 2, and F = 5. Larger cable tensions lead to straight edges; this result is reminiscent of the initial stage of tube formation when straight cell

edges appear at roof-midline and roof-floor boundaries.

(C–D00) 3D modeling of tissue deformation: The out-of-plane bending of appendage primordium is represented in top (C and D) and side views (C0 and D0), and as

a schematic of a vertical cut through the tissue (C00 and D00). In (C–C00), we use the same parameters as in (B), but allow the vertices to move in all three dimensions;

in this case, the tissue buckles out of plane. In (D–D00), we put larger Tfm and smaller Tfr values than those in (B–C00), with Tfm = 4, Tfr = 1.4, and F = 5 remaining the

same. For these parameters, the floor domain bends under the roof cells.

(E) Heat maps indicating themaximum height h of the appendage cells (schematically represented in C00 and D00) in the steady-state buckled configuration, plotted

as functions of Tfm and Tfr for various values of the multiplicative factor F. The buckling transition, where h starts to be different from 0, is indicated on the heat

maps by the white line. No such transition exists for F = 5 and F = 10 because h at Tfm = Tfr = 1 is different from zero.

(F) Heat maps indicating the angle q of the corner floor cell with respect to the plane defined by the neighboring midline cell (schematically represented in

C00 and D00) in the steady-state buckled configuration, plotted as functions of Tfm and Tfr for various values of themultiplicative factor F. The q= 90+ line is indicated

in red and corresponds to parameter values for which floor cells begin to twist underneath roof cells, such that left of this line, we have q < 90+ and right of this line,

we have q > 90+.

Developmental Cell

Three-Dimensional Epithelial Morphogenesis

Developmental Cell 24, 400–410, February 25, 2013 ª2013 Elsevier Inc. 405

Osterfield et al. 2013

Misra et al. 2016



SINGLE CELLS CONTRACT 
THE TISSUE RESPONDS ELASTICALLY

CELL CONTRACTION IN ANNUAL KILLIFISH 
AUSTROLEBIAS NIGRIPINNIS

Reig et al., page �  of �12 18

Figures 

�  

Fig. 1. Dynamics of DCL spreading and its relation to surface expansion of the extra-embryonic 
EVL in annual killifish. (A) Schematic diagram of in vivo imaging approaches. Embryos of A. 
nigripinnis expressing lifeact-GFP were imaged from the animal pole by 4D confocal microscopy 
between late blastula (48 hpf) and 60% epiboly (72 hpf), and cells of the DCL and EVL segmented and 
tracked over time. (B) Temporal changes in the mean surface area of EVL and DCL cells, with values 
expressed as means ± SEM. (C) Temporal changes in the total area covered by the EVL and DCL. (D) 
Temporal changes in the mean distance to the three nearest neighbours within the DCL, with values 
expressed as means ± SEM. (E) Probability distribution of DCL cell position as a function of the distance 
to EVL cell borders, for the period between 30-60% epiboly (54-72 hpf). The black straight line 
corresponds to the expected random distribution for a mean EVL cell surface radius of 120µm, as 
indicated in the top right corner. In all panels, red and blue colours correspond to the DCL and EVL, 
respectively. The vertical yellow line in B, C and D indicates the onset of epiboly, defined by the initial 
vegetal-ward movement of the EVL margin. All panels of this figure were obtained after analysis of 
movie S1. 
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MODELS OF APICAL CONTRACTIONS?
Can we identify and quantify the forces that act during the 
contraction pulse?

What is the origin of the contraction? Where do the forces act?

Adam C Martin, Dev.Bio. 341, 2010.

Adam C Martin, Dev.Bio. 341, 2010.

MESHWORK 
MODEL

PURSE-STRING 
MODEL



▸ Each cell is modeled as a polygon 
with area  and perimeter  

▸ The degrees of freedom are the 
vertex positions  

▸ Evolve to minimize an elastic 

energy  

with

Ac Pc

ri

dri

dt
= − γ

∂E
∂ri

E = KA

2 ∑
c

(Ac − Ac0)2 + KP

2 ∑
c

(Pc − Pc0)2 + J∑
⟨ij⟩

lij

VERTEX MODEL



▸ This dynamics with 

is purely passive 

▸ The activity enters as changes in the 
cell reference perimeter or area 

 
 

▸ How does the tissue reacts?

A0c → (1 − λA)A0c
P0c → (1 − λP)P0c

E = KA

2 ∑
c

(Ac − Ac0)2 + KP

2 ∑
c

(Pc − Pc0)2 + J∑
⟨ij⟩

lij

MODELING APICAL CONTRACTIONS

Factiva

tiempo



2D VERTEX MODEL CONSTRAINED TO THE 
SPHERE

μm 
μm 

68 cells 
 
hr 

16 active events of 1.5 to 3.5hr

R = 590
h ∼ 5

l0 ∼ 0.1R
ttot = 11
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APPLICATION TO THE FISH EMBRYO
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ALL PULSES WERE PRODUCED BY PERIMETER ACTIVITY 
GIVE RISE TO MORE CIRCULAR SHAPES 

CAN WE UNDERSTAND THIS FROM THE MECHANICS?

APPLICATION TO THE FISH EMBRYO



Texture matrix:  

Stress tensor: 

( = (a2 0
0 b2)

σe = KA (Ac − A0) ) + γKP (Pc − P0) (

STRESSES IN THE VERTEX MODEL

THE ACTIVE PULSE 
 

CREATES ISOTROPIC STRESSES
A0c → (1 + λA)A0c

THE PULSE  
CREATES  A STRESS THAT DEPENDS ON 

CELL SHAPE

P0c → (1 + λP)P0c

a b
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